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The hazard ratio is a useful tool in randomized clini-
cal trials for comparing time-to-event outcomes for two
groups. Although better power is often achieved for as-
sessments of the hazard ratio via model-based meth-
ods that adjust for baseline covariates, such methods
make relatively strong assumptions, which can be prob-
lematic in regulatory settings that require prespecified
analysis plans. This article introduces a nonparamet-
ric method for producing covariate-adjusted estimates
of the log weighted average hazard ratio for nonover-
lapping time intervals under minimal assumptions. The
proposed methodology initially captures the means of
baseline covariables for each group and the means of
indicators for risk and survival for each interval and
group. These quantities are used to produce estimates of
interval-specific log weighted average hazard ratios and
the difference in means for baseline covariables between
two groups, with a corresponding covariance matrix.
Randomization-based analysis of covariance is applied
to produce covariate-adjusted estimates for the interval-
specific log hazard ratios through forcing the difference
in means for baseline covariables to zero, and there is
variance reduction for these adjusted estimates when the
time to event has strong correlations with the covariates.
The method is illustrated on data from a clinical trial of
a noncurable neurologic disorder.
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1. Introduction

Randomized clinical trials often incorporate time-to-
event measures as primary outcomes. Under the assump-
tion of proportional hazards between the two groups, in
which the hazard of a given group is a measure of the
instantaneous event rate at a given time, the Cox propor-
tional hazards model (Cox 1972) facilitates the compar-
ison of instantaneous event rates for two groups via the
log hazard ratio. Under less stringent assumptions, tra-
ditional nonparametric methods for comparing time-to-
event data in two groups include the Wilcoxon and lo-
grank tests (Gehan 1965; Peto and Peto 1972), although
proportional hazards with zero as the log hazard ratio
naturally applies when there are no differences between
the two groups. Better power for the comparison be-
tween the two groups via the Cox model or nonparamet-
ric methods can be achieved by adjusting for covariates;
see Jiang et al. (2008) who discussed a supporting sim-
ulation study for this consideration. Such covariance ad-
justment is straightforward and commonly implemented
for the Cox proportional hazards model, but is not widely
implemented for the logrank and Wilcoxon tests, even
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though randomization-based methods with such capabil-
ity do exist in the literature (Tangen and Koch 1999b).

For randomized clinical trials in regulatory settings,
one must specify the primary outcomes and primary anal-
yses a priori (LaVange et al. 2005). This is problematic
when implementing the Cox proportional hazards model
in an analysis plan, because one cannot evaluate the pro-
portional hazards assumption in advance of data collec-
tion. For example, consider a clinical trial of 722 patients
with an incurable neurologic disorder. Patients were ran-
domized to test treatment or control in a 2:1 ratio, result-
ing in 480 and 242 patients in the test treatment and con-
trol groups, respectively. The primary aim was to com-
pare time to disease progression within 18 months for
test treatment versus control in a setting for which the
test treatment was expected to delay the disease progres-
sion but not prevent it. To achieve better power, the in-
vestigators also identified 22 covariates and 3 geographi-
cal strata for adjustment in the analysis. For the compari-
son of the two treatments, the analysis included a logrank
test without covariate adjustment (p-value = 0.048) and a
Cox proportional hazards model with baseline covariate
adjustment (p-value = 0.002). The Cox model with base-
line covariates assumes proportional hazards not only for
the treatment parameter, but also for each covariate in
the model, adjusting for all other predictors in the model.
Upon reviewing the results, a regulatory agency was con-
cerned about the validity of the proportional hazards as-
sumption and the difference in magnitude of the observed
treatment effect between the unadjusted and the adjusted
Cox analysis. There is a known tendency for the Cox ad-
justed analysis to have a point estimate for the log hazard
ratio that is further from the null than the unadjusted es-
timate, as well as a somewhat larger standard error (Tan-
gen and Koch 1999b, 2000). However, model-checking
and fine-tuning the analysis post hoc in order to address
these concerns can be viewed as exploratory and can pro-
duce misleading results (Lewis et al. 1995).

The investigators could have avoided these concerns
by specifying a nonparametric analysis that accommo-
dates covariance adjustment a priori. Tangen and Koch
(1999b) proposed using randomization-based nonpara-
metric analysis of covariance (RBANCOVA) for com-
paring differences in logrank or Wilcoxon scores with
adjustment for relevant baseline covariates. A limitation
of their method is that it does not enable the estimation
of a hazard ratio with a corresponding confidence inter-
val, which has great appeal in interpretation compared
to the difference in logrank or Wilcoxon scores. Tan-
gen and Koch (2000) used nonparametric randomization-
based ANCOVA to estimate covariate-adjusted hazard
ratios through estimating incidence density ratios for in-
tervals from a partition of time. Their method has the ad-
vantage of providing an interpretable hazard ratio, but

its limitation is that incidence density ratios are only
applicable as estimators of hazard ratios when the sur-
vival times follow a piecewise exponential distribution
for the intervals from the partition of time. In this arti-
cle, these methods are improved upon via a nonparamet-
ric randomization based method for estimating covariate-
adjusted hazard ratios for nonoverlapping time intervals
from a partition of time under minimal assumptions. Es-
timates for interval-specific hazard ratios are produced,
from which one can assess homogeneity of the estimates
across time intervals, and ultimately produce a common
hazard ratio across intervals with covariate adjustment.
The manuscript is organized as follows. In Section 2, the
general strategy of the method is outlined, with details
provided in the Appendices; in Section 3 the method is
applied to the illustrative example; and a discussion is
provided in Section 4.

2. Methods

For test and control treatments as i = 1,2 respectively,
let Si(t) denote the survivorship function for the proba-
bility of surviving (or avoiding) some event for at least
time t where t > 0 is inherently continuous. The hazard
function, hi(t) = −S′i(t)/Si(t), where S′i(t) = dSi(t)/dt
is the first derivative function of Si(t) with respect to t, is
the instantaneous event rate of group i at time t. A haz-
ard ratio θ(t) = h1(t)/h2(t) is then a useful measure for
comparing the hazard of group 1 to group 2.

By partitioning time into J nonoverlapping consecu-
tive time intervals (see Appendix A.1 for complete de-
tails), one can decompose the survivorship function for
group 1 in the jth interval, S1(t j), where t j is the time up-
per bound of interval j, into the product of the survivor-
ship function for the previous interval and the conditional
survivorship function for interval j given survival of in-
terval ( j−1), written as S1(t j−1)exp{−

∫ t j
t( j−1)

h1(x)dx}.

Noting that h1(x) = θ(x)h2(x), one can use the Sec-
ond Mean Value Theorem for Integrals, as discussed by
Moodie et al. (2004), to formulate a log weighted aver-
age hazard ratio for group 1 relative to group 2 in interval
j, assuming that the probability of at least one event is
greater than zero for each group during this interval (so
that there is at least one observed event through sufficient
sample size). This log weighted average hazard ratio is
based on a log(-log) transformation of the conditional
probabilities for survival of the jth interval given sur-
vival of the ( j− 1)th interval, or πi j = Si(t j)/Si(t( j−1)).
Application of the log(-log) transformation to the esti-
mator of πi j requires that at least one event has occurred
in each group in every interval under consideration. As
noted by Moodie et al. (2004), the weights for the log
average hazard ratio for interval j are the hazards for the
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control group in the jth interval. Such weights arguably
have clinical relevance as they place emphasis on those
times when the hazard function in the control group is
large, which can be particularly helpful when evaluating
the potentially beneficial effect of a test treatment. The
proposed estimator does not assume proportional haz-
ards within or across intervals; however, if the hazards
are proportional in a given interval j, the log weighted
average hazard ratio for interval j is equal to the propor-
tionality constant of interval j on a log scale.

For estimation of the log weighted hazard ratio, one
first estimates the extent of risk ri jk and survival si jk for
patient k for interval j in group i for each of the J time
intervals. As shown in Appendix A.2, if a patient is cen-
sored, ri jk equals 1 for all of the intervals prior to cen-
soring, equals 0 for all of the intervals after the interval
with censoring, and equals 0.5 or the proportion of the
interval that was at risk prior to censoring for the interval
with censoring. Also, si jk equals 1 for all of the intervals
prior to censoring, equals 0 for all of the intervals after
the interval with censoring, and equals 0.5 or the propor-
tion of the interval that was at risk prior to censoring for
the interval with censoring. If a patient has an event, ri jk
equals 1 for all of the intervals prior to and including the
interval with the event, and equals 0 for all intervals af-
ter the interval with the event. Also, si jk equals 1 for all
of the intervals prior to the event, equals 0 for the inter-
val with the event, and equals 0 for all intervals after the
interval with the event.

A vector fff ik is created that contains the risk estimates
ri jk, survivorship estimates si jk, and M relevant base-
line covariates xxxik. Means are produced for each of these
respective components, and a corresponding covariance
matrix is estimated. By using the ratio of the mean sur-
vivorship over the mean risk, one can construct estimates
of the conditional probability for survival of the jth in-
terval given survival of the ( j− 1)th interval, and use a
log(-log) transformation of these values to estimate the
log weighted average hazard ratio for interval j. A corre-
sponding covariance matrix is produced via linear Taylor
series methods.

One then constructs a vector ddd that contains the es-
timated log weighted average hazard ratio for each in-
terval, and the differences in means of the baseline co-
variables, along with a consistent estimator of the co-
variance matrix VVV d . Weighted least squares regression,
as discussed by Stokes et al. (2000, Chapter 13), is then
used to produce covariate adjusted estimates (bbb) for the
log hazard ratios through forcing the difference in means
for covariables to 0. More specifically, as discussed by
Koch et al. (1998), Tangen and Koch (1999b), and La-
Vange et al. (2005), nonparametric randomization based
ANCOVA has invocation for ddd by fitting the linear model
XXX = [IIIJ ,000JM]′ to ddd by weighted least squares, in which

000JM is the (J×M) matrix of 0’s, and IIIJ is the (J× J)
identity matrix, with J as the number of intervals and M
as the number of baseline covariables. The resulting co-
variance adjusted estimator bbb for the log hazard ratios is
given by

bbb = (XXX ′VVV−1
d XXX)−1XXX ′VVV−1

d ddd. (1)

A consistent estimator for the covariance matrix of bbb is
VVV b in (2).

VVV b = (XXX ′VVV−1
d XXX)−1 (2)

The estimators bbb have an approximately multivariate nor-
mal distribution when the sample sizes for each group are
sufficiently large for ddd to have an approximately mul-
tivariate normal distribution (e.g., each interval of each
group has at least 10 patients with the event and 10 pa-
tients who complete the interval without the event and
each group has an initial sample size of at least 80 pa-
tients). In this regard, simulation studies (Moodie et al.
2004) suggest that sample sizes larger than 100 may be
required if the values of the survivorship functions in-
volved in computing the log hazard ratio are close to one
or zero.

The rationale for randomization-based covariance ad-
justment is the expected absence of differences between
test treatment and control groups for the means x̄xxi of
the covariables. A related criterion for evaluating the ex-
tent of random imbalances between the test and control
groups for the x̄xxi is Q0 in (3).

Q0 = (ddd−XXXbbb)′VVV−1
d (ddd−XXXbbb). (3)

This criterion approximately has the chi-squared distri-
bution with M degrees of freedom.

The homogeneity of the adjusted log hazard ratios in
bbb across the J time intervals can have assessment with
the criterion Qhomog,b in (4)

Qhomog,b = bbb′CCC′(CCCVVV bCCC′)−1CCCbbb, (4)

where CCC =
[
III(J−1),−111(J−1)

]
. This criterion approxi-

mately has the chi-squared distribution with (J− 1) de-
grees of freedom. When homogeneity of the adjusted
log hazard ratios in bbb does not have contradiction by
Qhomog,b, then the common adjusted log hazard ratio
bhomog can have estimation by weighted least squares as
shown in (5). A consistent estimator for its variance is
vb,homog = (111′JVVV−1

b 111J)−1.

bhomog = (111′JVVV−1
b bbb)/(111′JVVV−1

b 111J). (5)

The estimator bhomog approximately has a normal distri-
bution with vb,homog as the essentially known variance.
Accordingly, a two-sided 0.95 confidence interval for the
common hazard ratio for the comparison between groups
1 and 2 with randomization based covariance adjustment
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Figure 1. Kaplan Meier survival estimates.

is exp{bhomog±1.96√vb,homog}. When homogeneity for
bbb has contradiction by the result for (4), an average log
hazard ratio b̄ = (111′Jbbb/J) may still be of interest when the
signs of the elements of bbb are predominantly the same. A
consistent estimator for its variance is (111′JVVV b111J)/J2 = vb̄,
and the two-sided 0.95 confidence interval for the corre-
sponding average hazard ratio is exp{b̄±1.96

√
vb̄}.

The proposed method should have reasonably good
properties in terms of Type I error of statistical tests and
coverage of confidence intervals when the values of the
survivorship functions involved are not too close to one
or zero relative to the initial sample sizes for each group,
as well as relative to the number of patients with the
event and the number of patients who complete the inter-
val without the event in each time interval in each group
(e.g., the initial sample size for each group is greater than
80 and each time interval for each group has at least 10
patients with the event and at least 10 patients who com-
plete the interval without the event). This structure en-
ables ddd to have an approximately multivariate normal dis-
tribution with VVV d as its essentially known covariance ma-
trix; see Koch et al. (1995, 1977, 1985, 1998) and Koch
and Bhapkar (1982). Beyond these general guidelines,
how many intervals to use and how to specify them so
as to have better power are questions beyond the scope
of this paper. In most situations, the number of intervals
J would be between 3 and 10 so as to provide as com-
prehensive information as feasible for the survivorship
functions Si(t) with respect to the expected number of
events throughout the duration of follow-up T , but with-
out making the dimension of ddd so large that its estimated

covariance matrix VVV d loses stability. Also, the respective
intervals would usually have equal lengths (T/J) when
this specification is reasonably compatible with roughly
similar numbers of events per interval, but information
concerning the Si(t) from previous studies could support
an alternative specification for roughly similar numbers
of events per interval. Additional future research with
simulation studies can shed light on whether other speci-
fications for J and the ranges of time for the intervals can
provide better power than the previously stated guide-
lines.

3. Application

The proposed method is illustrated for the previously
described clinical trial of 722 patients with an incurable
neurologic disorder. The original protocol for this clinical
trial identified 22 covariables a priori and 3 geographical
strata to be incorporated into the analysis, including de-
mographics, vital sign covariates, and disease onset and
severity covariates. For the purposes of this illustration,
covariate-adjustment will focus on all 22 covariables as
well as 2 dummy variables for geographical region, re-
sulting in 24 covariates total. Collinearity diagnostics of
these 22 covariables (variance inflation factors) did not
indicate any problems with collinearity.

A graph of the Kaplan-Meier estimates for the proba-
bility of no progression is provided in Figure 1. The ben-
efit of treatment versus control appears to be the largest
around 12 months, but lessens somewhat by 18 months.
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Table 1. Estimated common log hazard ratios across intervals for time to disease progression

Method Covariate Adj. Estimate SE P-value HR (95% CI)

RBANCOVA No −0.236 0.116 0.042 0.790 (0.629, 0.991)
Yes −0.231 0.090 0.011 0.794 (0.665, 0.948)

Cox No −0.227 0.115 0.048 0.797 (0.636, 0.998)
Yes −0.443 0.120 0.002 0.642 (0.508, 0.813)

Tangen and Koch (2000) Yes −0.263 0.089 0.003 0.77 (0.64, 0.91)

The logrank test statistic for comparing test treatment
versus control yields a p-value of 0.048, indicating a
borderline significant difference at the α = 0.05 level.
An unadjusted Cox proportional hazards model results
in an estimated hazard ratio of 0.797 with 0.95 confi-
dence interval as (0.636, 0.998) and p-value = 0.048,
showing a significant benefit for test treatment versus
control. Adjusting for the 24 baseline covariates, an ad-
justed Cox proportional hazards model yields an esti-
mated hazard ratio of 0.642 with 0.95 confidence interval
as (0.508, 0.813) and p-value = 0.002, showing a sub-
stantially stronger benefit for test treatment versus con-
trol compared to the unadjusted counterpart. The param-
eter estimate for the adjusted log hazard ratio (−0.443)
corresponds to a much larger effect size than the un-
adjusted parameter estimate (−0.227), but also has a
slightly larger standard error (0.120 compared to 0.115,
respectively), as shown in Table 1.

In general, one typically adjusts for covariates for the
purpose of achieving variance reduction through smaller
estimated standard errors. For the Cox proportional haz-
ards model, such a trend was not observed, primarily be-
cause the parameter estimate of the adjusted Cox model
applies to a specific subpopulation corresponding to pa-
tients with specific baseline covariate values, whereas the

unadjusted parameter estimate is an unrestricted popula-
tion average log hazard ratio; see Koch et al. (1998) and
Tangen and Koch (2000). Despite the lack of variance
reduction in the adjusted model, the corresponding pa-
rameter estimate shows a substantial increase in effect
size, and hence results in a smaller p-value compared to
the unadjusted counterpart, but this pattern of results can
create dilemmas for regulatory reviewers with concerns
for exaggerated estimates of effect sizes.

For the application of nonparametric randomization
based analysis of covariance (RBANCOVA) methods
that do not require the proportional hazards assumption,
the 18-month study was divided into six time intervals,
each 3 months long (with this specification for the inter-
vals being in harmony with the guidelines at the end of
Section 2, particularly with the recognition that 24 co-
variables and 6 intervals leads to the dimension of ddd be-
ing 30 which is near what the sample size of 722 might
reasonably support for stability of the estimated covari-
ance matrix VVV d of ddd). Interval-specific covariate adjusted
estimates of the hazard ratios were obtained using the
proposed nonparametric RBANCOVA methods (see Ta-
ble 2). With the exception of the 12–15 month interval,
all intervals show a benefit for treatment versus control.

Table 2. RBANCOVA: Interval-specific estimated log hazard ratios for time to disease progression

Adjusted Interval (months) Estimate SE HR (95% CI)

No 0–3 −0.128 0.363 0.880 (0.433, 1.791)
3–6 −0.370 0.262 0.691 (0.413, 1.156)
6–9 −0.399 0.267 0.671 (0.398, 1.133)
9–12 −0.506 0.246 0.603 (0.372, 0.976)

12–15 0.255 0.322 1.291 (0.687, 2.426)
15–18 0.025 0.290 1.025 (0.580, 1.810)

Yes 0–3 −0.024 0.343 0.976 (0.498, 1.911)
3–6 −0.228 0.243 0.796 (0.494, 1.281)
6–9 −0.447 0.254 0.639 (0.389, 1.051)
9–12 −0.464 0.231 0.629 (0.400, 0.988)

12–15 0.120 0.304 1.127 (0.622, 2.044)
15–18 −0.083 0.275 0.920 (0.536, 1.579)

*Test of homogeneity across intervals, unadjusted p = 0.408, adjusted p = 0.605
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Table 3. Summary of number of events per interval by group

Number of events per interval
Group 0–3 3–6 6–9 9–12 12–15 15–18 Total

Control 12 25 24 29 13 17 120
Test 21 35 34 39 38 38 205
Total 33 60 58 68 51 55 325

Despite the fact that the 12–15 month interval shows an
increased risk in disease progression for test treatment
versus control, a test for homogeneity for the treatment
parameter estimates across the 6 intervals yields a p-
value of 0.605, which does not contradict the assump-
tion of a common log hazard ratio. The covariate ad-
justed hazard ratio is 0.794 with 0.95 confidence inter-
val as (0.665, 0.948) and p-value = 0.011, indicating a
significant benefit for delaying disease progression for
test treatment versus control. Note that the nonparamet-
ric RBANCOVA estimate of the hazard ratio is similar
to the unadjusted Cox estimate, but the confidence inter-
val is narrower for the nonparametric RBANCOVA esti-
mate. An assessment for random imbalances in the base-
line covariates between the test and control groups yields
a p-value of 0.120, which does not suggest noteworthy
baseline imbalances between the two groups. The num-
ber of events by treatment group and also by interval are
provided in Table 3, with these being sufficient for invo-
cation of nonparametric RBANCOVA methods.

For comparison, one can also apply weighted least
squares methods without covariate adjustment to produce
unadjusted log hazard ratios for each of the six inter-
vals. The unadjusted common hazard ratio is 0.790 with
0.95 confidence interval as (0.629, 0.991) and p-value =
0.042, with test of homogeneity p-value = 0.408. Hence,
the adjusted hazard ratio has a comparable effect size
to the unadjusted counterpart and a narrower 0.95 con-
fidence interval, which is not the case in the Cox model.
This is because the nonparametric RBANCOVA adjusted
hazard ratio provides a population average hazard ratio
estimate with differences in baseline covariates forced
to zero, while the adjusted Cox hazard ratio provides
a hazard ratio estimate for specific subpopulations cor-
responding to covariate profiles; see Koch et al. (1998)
and Tangen and Koch (2000). One can also note that
the standard error of the adjusted nonparametric RBAN-
COVA log hazard ratio (0.090) is smaller than the stan-
dard error of the unadjusted nonparametric RBANCOVA
log hazard ratio (0.116), meaning that the nonparamet-
ric RBANCOVA covariate adjustment produced a vari-
ance reduction in the parameter estimate for the com-
parison between the two treatments. Similar patterns are
observed for comparing the interval specific covariate-

adjusted hazard ratios to the interval specific unadjusted
hazard ratios (Table 2).

4. Discussion

Tangen and Koch (2000) used these same data to il-
lustrate a nonparametric randomization based method for
estimating hazard ratios via log incidence density ratios.
For data from an exponential distribution, the incidence
density is an efficient estimator for the hazard ratio. The
authors estimated incidence density ratios (IDR) for 3 in-
tervals, each 6 months long, and produced a common
estimate across all intervals. Their nonparametric pro-
cedure adjusted for the same 24 baseline covariates. As
observed in the current illustration, the authors noted a
treatment benefit during the first 12 months (IDR 0.64
and 0.66 for 0–6 months and 6–12 months, respectively),
and an increased risk in months 12–18 (IDR 1.22). The
common IDR was 0.77 (see Table 1), compared to a com-
mon hazard ratio of 0.794 in the current illustration. The
standard error of the covariate adjusted common log IDR
(0.089) observed by Tangen and Koch (2000) was nearly
identical to the standard error of the common hazard ratio
(0.090) from the methods in this article for this example.
Their approach does not require the proportional hazards
assumption (i.e., a constant hazard ratio) throughout the
entire follow-up period; but its scope can be limited by
the requirement of a piecewise exponential distribution
in order to use the incidence density ratio as an estima-
tor of the hazard ratio. However, sufficiently large sam-
ple size and sufficiently many events for the two groups
can often enable the use of sufficiently many intervals so
that the assumption of a piecewise exponential distribu-
tion can be realistic.

Tangen and Koch (1999b) also used these data to
illustrate a nonparametric method for analyzing time
to event outcomes with logrank and Wilcoxon scores.
Their method produced covariate-adjusted differences in
means of logrank and Wilcoxon scores (−0.088 and
−0.109, respectively) and corresponding p-values (0.034
and 0.011, respectively) for comparing time to disease
progression in test treatment versus control via nonpara-
metric randomization based ANCOVA. Although their
method is an effective tool for evaluating treatment dif-
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ferences in time-to-event outcomes under minimal as-
sumptions, the estimate of differences in logrank or
Wilcoxon scores lacks appeal in interpretation, and does
not provide an estimate of the hazard ratio with corre-
sponding confidence interval.

As noted by Tangen and Koch (2000), the regula-
tory agency that reviewed this study was concerned with
the large difference in p-values between the adjusted and
unadjusted Cox models for evaluating treatment differ-
ences, and whether the adjusted Cox model overstated
the treatment effect size. In addition, there was concern
whether the proportional hazards assumption was vio-
lated in these data, that is, whether proportional hazards
holds for each predictor in the model, adjusting for all
other predictors in the model. The proposed method has
great appeal in such regulatory settings. Like the Cox
model, it provides an adjusted estimate of the log haz-
ard ratio, but does so without the assumption of propor-
tional hazards for each covariate within or across inter-
vals. Essentially the only assumptions of the proposed
method are valid randomization to the respective treat-
ment groups and noninformative censoring of the event
time. Moreover, the adjusted log hazard ratio produced
by the method is similar in magnitude to the unadjusted
counterpart, but has better precision in terms of a smaller
standard error of the log hazard ratio.

To accommodate situations where the proportional
hazards assumption is not realistic for Cox models with
baseline (i.e., not time-dependent) covariate predictors,
Cox (1972) proposed more complicated models with
time-dependent covariates and suggested the product of
a covariate and time as an example of one of many pos-
sible functions that could parametrically represent the
interrelationships between the outcome and a covariate
over time. Fisher and Lin (1999) discussed the opportu-
nities as well as the complications associated with using
time-dependent covariates in Cox models and advised
caution in interpreting these models. Additionally, time-
dependent covariates can be particularly difficult to inter-
pret in randomized clinical trials because they can have
confounding with the treatment effect.

Although ideal for randomized clinical trials re-
quiring prespecified analysis plans, the nonparametric
randomization-based methods in this article do not ad-
dress all aspects of interest for analysis; see Koch et al.
(1998) and Tangen and Koch (1999a,b, 2000). For exam-
ple, because the proposed method provides a population-
averaged test treatment effect, the method does not pro-
vide an assessment of homogeneity of the test treat-
ment effect across specific patient subpopulations, nor
does it provide an assessment for relevant covariates.
In contrast, model-based methods such as the Cox pro-
portional hazards model can address baseline and time-
dependent covariable effects, treatment by covariables

interactions, and assessment of treatment effects for spe-
cific subpopulations, but do so under more stringent as-
sumptions. A useful approach is to use both nonpara-
metric randomization-based methods and model-based
methods as complementary approaches for addressing
the research questions of interest. For example, in reg-
ulatory settings requiring prespecified analysis plans, it
may be advantageous to prespecify the nonparametric
randomization-based method as the primary analysis un-
der minimal assumptions, with Cox proportional hazards
models implemented as supportive analyses for further
understanding of the data.

The proposed method could also be extended to ac-
commodate multivariate time-to-event settings. For ex-
ample, consider two events of interest: time to disease
progression or death (whichever comes first) and time to
death. One could produce a hazard ratio for each event
type for several intervals, and then create an average haz-
ard ratio across event type and interval with nonparamet-
ric randomization based covariate adjustment. Related
multivariate approaches have been highlighted for the
Cox model and logrank test (Wei et al. 1989; Saville et al.
2010), but these methods lack the capability to produce
an estimate of the average hazard ratio under minimal
assumptions. The methods in this article can additionally
have extension to randomized studies with 3 to 5 treat-
ment groups with sufficient sample size through straight-
forward adaptations of the structure discussed by Tangen
and Koch (2001).

Appendix

A.1 Specifications for Average Hazard Ratios within
Time Intervals

For test and control treatments as i = 1,2 respectively,
let Si(t) denote the survivorship function for the proba-
bility of surviving (or avoiding) some event for at least
time t where t > 0 is inherently continuous. Given that
Si(t) has continuous derivatives through order 2 for all
t ≤ T with T being the duration of follow-up for the
event and with Si(t)> 0, the corresponding hazard func-
tion hi(t) = −S′i(t)/Si(t) where S′i(t) = dSi(t)/dt is the
first derivative function for Si(t) with respect to t. Ac-
cordingly, it follows that Si(t) = exp

(
−
∫ t

0 hi(x)dx
)
. With

θ(x) = h1(x)/h2(x) as the hazard ratio function for group
1 relative to group 2, S1(t) can have expression as in
(A.1)

S1(t) = exp

(

−
∫ t

0
θ(x)h2(x)dx

)

. (A.1)

For the partition of time into J consecutive and adjacent
intervals (t0 = 0, t1],(t1, t2], . . . ,(tJ−1, tJ = T ], (A.1) im-
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plies the structure in (A.2).

S1(t j) = exp

{

−
j

∑
j′=1

(∫ t j′

t( j′−1)

θ(x)h2(x)dx

)}

= S1(t( j−1))exp

(

−
∫ t j

t( j−1)

θ(x)h2(x)dx

)

, (A.2)

Because
∫ t j

t( j−1)
hi(x)dx> 0, under the assumption that the

probability of at least one event is greater than zero for
each interval in each group, it follows from the Second
Mean Value Theorem for Integrals (Moodie et al. 2004)
that (A.2) can have alternative expression as (A.3)

S1(t j) = S1(t( j−1))exp

(

−θ̄ j

∫ t j

t( j−1)

h2(x)dx

)

. (A.3)

For (A.3), θ̄ j represents a weighted average hazard ratio
for group 1 relative to group 2 in the jth interval in the
sense shown in (A.4)

θ̄ j =

{∫ t j

t( j−1)

θ(x)h2(x)dx

}

/

{∫ t j

t( j−1)

h2(x)dx

}

. (A.4)

Because exp
(
−
∫ t j

t( j−1)
h2(x)dx

)
= S2(t j)/S2(t( j−1)), it

follows that (A.3) can have expression as (A.5)

{
S1(t j)/S1(t( j−1))

}
=
{

S2(t j)/S2(t( j−1))
}θ̄ j . (A.5)

The quantities πi j = Si(t j)/Si(t( j−1)) represent condi-
tional probabilities for survival of the jth interval given
survival of the ( j− 1)th interval. From (A.5), it follows
that loge π1 j = θ̄ j loge π2 j, and so the log average hazard
ratio (loge θ̄ j) for the jth interval can have expression as
shown in (A.6)

loge θ̄ j = {loge(− loge π1 j)− loge(− loge π2 j)} .(A.6)

Through (A.6), estimation of the loge θ̄ j is possible from
time to event data for group 1 and group 2 through the
methods outlined in Appendix A.2. These methods also
address the comparison between group 1 and group 2 in
terms of the {θ̄ j}.

As noted previously, θ̄ j represents a weighted haz-
ard ratio for the comparison between group 1 and group
2 in the jth interval with the weights being the hazards
h2(x) for the control group in the jth interval. Because
such weights are larger where the hazards h2(x) for the
control group are higher, they arguably have clinical rel-
evance for the comparison between the test and control
groups for the extent to which they survive the event of
interest across the respective time intervals; see Moodie
et al. (2004).

A.2 Construction of Hazard Ratio Estimators With
Randomization Based Covariance Adjustment

Let i = 1,2 index test and control treatments
respectively. Let j = 1,2, . . . ,J index a prespeci-
fied set of consecutive and adjacent time intervals
(0, t1],(t1, t2], . . . ,(t(J−1), tJ ] within which the first occur-
rence of an event of interest could occur or not. Let
k = 1,2, . . . ,ni index the patients in group i. Let yik equal
the duration of follow-up for patient k in group i and let
uik = 0,1 according to whether patient k in group i re-
spectively survives or has the event of interest during the
time for their follow-up. Let xxxik = (xik1, . . . ,xikM)′ denote
the vector of M numeric baseline covariables for patient
k in group i, where any categorical covariable with L cat-
egories has expression as a set of (L− 1) indicator vari-
ables.

Patient k in group i is at risk for the occurrence of
the event of interest in interval j if yik > t( j−1) and their
extent of risk in interval j corresponds to ri jk in (A.7)

ri jk =






1, if (yik ≥ t j) or
(

uik = 1 and t( j−1) < yik ≤ t j

)

yik−t( j−1)

t j−t( j−1)
, if t( j−1) < yik < t j and uik = 0

0, if yik ≤ t( j−1)

(A.7)

If patient k in group i is at risk in interval j, their extent
of survival for interval j corresponds to si jk in (A.8)

si jk =

{
ri jk, if uik = 0 or yik > t j

0, if uik = 1 and yik ≤ t j
(A.8)

For both ri jk and si jk, there can be replacement of (yik−
t( j−1))/(t j− t( j−1)) by 0.5 when the specific value of yik
in t( j−1) < yik < t j is unknown; the corresponding as-
sumption is that such yik randomly have a uniform dis-
tribution within the jth interval.

Let sssik = (si1k, . . . ,siJk)′, rrrik = (ri1k, . . . ,riJk)
′, and let

fff ik = (sss′ik,rrr
′
ik,xxx
′
ik)
′. Under the assumption that the ni pa-

tients in group i represent a very large population in a
sense comparable to a simple random sample, then an
unbiased estimator for the covariance matrix of the vec-
tor f̄ff i = (∑

ni
k=1 fff ik/ni) of means of the { fff ik} for the ith

group is VVV f̄ff i
in (A.9)

VVV f̄ff i
=

ni

∑
k=1

( fff ik− f̄ff i)( fff ik− f̄ff i)
′/{ni(ni−1)}. (A.9)

Let gi j = loge{− loge(s̄i j/r̄i j)} where s̄i j =
{∑

ni
k=1 si jk/ni} and r̄i j = {∑

ni
k=1 ri jk/ni} and let gggi =

(gi1, . . . ,giJ). It then follows that gggi has the structure
in (A.10)

gggi = loge{−[IIIJ ,−IIIJ ] loge[s̄ss
′
i, r̄rr
′
i]
′}, (A.10)

where s̄ssi = (s̄i1, . . . , s̄iJ)′ and r̄rri = (r̄i1, . . . , r̄iJ)′. Thus, on
the basis of linear Taylor series methods as discussed by
Stokes et al. (2000); Koch et al. (1972); and Koch et al.
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(1977), a consistent estimator for the covariance matrix
of FFFi = (ggg′i, x̄xx

′
i)
′ is VVV Fi in (A.11).

VVV Fi =

[
HHHi 000J,M

000M,2J IIIM

]

VVV fi

[
HHH ′i 0002J,M

000M,J IIIM

]

, (A.11)

where HHHi = DDD−1
exp(gggi)

[IIIJ ,−IIIJ ]DDD−1
(s̄ss′i ,r̄rr
′
i )
′ , with DDDaaa denoting a

diagonal matrix with aaa as diagonal elements.
Let ddd = (FFF1−FFF2) = (ggg′1−ggg′2, x̄xx

′
1− x̄xx′2)′ represent the

vector of differences between groups 1 and 2 with respect
to the {FFFi}. A consistent estimator for the covariance ma-
trix of ddd is VVV d = (VVV F1 +VVV F2). The first J elements of ddd
are estimators of the log hazard ratios for the compar-
isons between groups 1 and 2 for the J time intervals,
and the last M elements are estimators for the differences
between groups 1 and 2 for means of the respective co-
variables.

When the initial sample sizes ni and the number of
patients with the event and the number of patients who
complete the interval without the event in each interval in
each group are sufficiently large (e.g., ni > 80 and each
interval of each group has at least 10 patients with the
event and 10 patients who complete the interval without
the event), then ddd approximately has a multivariate nor-
mal distribution with VVV d as its essentially known covari-
ance matrix; see Koch et al. (1995, 1977, 1985, 1998);
and Koch and Bhapkar (1982).

As discussed by Koch et al. (1998), Tangen and Koch
(1999b), and LaVange et al. (2005), randomization based
covariance adjustment has invocation for ddd by fitting
the linear model XXX = [IIIJ ,000JM]′ to ddd by weighted least
squares. The resulting covariance adjusted estimator bbb
for the interval-specific log hazard ratios is given by

bbb = (XXX ′VVV−1
d XXX)−1XXX ′VVV−1

d ddd (A.12)

= (ggg1−ggg2)−VVV d,gxVVV
−1
d,xx(x̄xx1− x̄xx2),

where VVV d,gx is the submatrix of VVV d that corresponds to
the covariances between (ggg1 − ggg2) and (x̄xx1 − x̄xx2) and
VVV d,xx is the submatrix of VVV d that corresponds to the co-
variance matrix of (x̄xx1− x̄xx2); that is, VVV d has the structure
shown in (A.13).

VVV d =

[
VVV d,gg VVV d,gx
VVV d,gx VVV d,xx

]

. (A.13)

A consistent estimator for the covariance matrix of bbb is
VVV b in (A.14).

VVV b = (XXX ′VVV−1
d XXX)−1 (A.14)

= (VVV d,gg−VVV d,gxVVV
−1
d,xxVVV

′
d,gx)

The rationale for randomization based covariance adjust-
ment is the expected absence of differences between test
and control groups for the means x̄xxi of the covariables. A

related criterion for evaluating the extent of random im-
balances between test and control groups for the x̄xxi is Q0

in (A.15).

Q0 = (ddd−XXXbbb)′VVV−1
d (ddd−XXXbbb) (A.15)

= (x̄xx1− x̄xx2)′VVV−1
d,xx(x̄xx1− x̄xx2)

This criterion approximately has the chi-squared distri-
bution with M degrees of freedom.
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